In this note we prove that the problem of deciding whether or not a set of integer vectors forms a Hilbert basis is co-NP-complete. Equivalently, deciding whether a conic linear system is totally dual integral or not, is co-NP-complete. These statements are true even if the vectors in the set or respectively the coefficient vectors of the inequalities are 0-1 vectors having at most three ones.
Introduction
Total dual integrality of systems of linear inequalities was introduced by Edmonds and Giles [3] and plays an important role in polyhedral combinatorics. A linear system Ax ≤ b with rational A and b is called totally dual integral (TDI) if for each integer vector c, the dual system {min y T b : y ≥ 0, y T A = c T } has an integral optimal solution provided the optimum is finite. Edmonds and Giles celebrated theorem states that if Ax ≤ b is TDI and b is integer, then {x : Ax ≤ b} is an integer polyhedron. By consequence the TDI property is a common framework to prove a bunch of min-max relations in combinatorial optimization.
Giles and Pulleyblank [4] introduced a related notion, namely that of Hilbert bases. A set of integer vectors is called a Hilbert basis if every integer vector in their cone can be written as a non-negative integral combination of them. That is,
The connection between Hilbert bases and TDI-ness was established by Giles and
Pulleyblank [4] , who showed that for an integer matrix A, Ax ≤ b is TDI if and only if for every minimal face F of {x : Ax ≤ b} the active rows in F form a Hilbert basis where a row a T i of A is called active in F if a T i x = b i holds for every x in F. Giles and Pulleyblank used this characterization to prove that for every rational polyhedron P there exists a TDI system which describes P, with an integer constraint matrix.
The complexity of deciding whether a system is TDI or not, was open for a long time. First Cook et al. [1] showed that if the dimension is fixed then this problem is polynomially solvable. Recently Ding et al. [2] proved that in general the problem is co-NP-complete, even if A is the incidence matrix of a graph.
In this note we strengthen this by answering a question about the complexity of deciding TDI-ness of a conic system Ax ≥ 0. We prove that this problem is also co-NP-complete, which, by the above result of Giles and Pulleyblank, is equivalent to the following.
Theorem 1 The problem of deciding whether or not a set of integer vectors forms a Hilbert basis is co-NP-complete even if the set consists of 0-1 vectors having at most three ones.
Let H = (V, E) be a hypergraph. We call a hyperedge of H of size 2 a 2-edge and one of size 3 a 3-edge. Let us denote by cone(H) and int.cone(H) the cone and integer cone of the characteristic vectors of the hyperedges of H. Sometimes we will not distinguish between a hyperedge and its characteristic vector. The binary vectors in Theorem 1 will consist of the characteristic vectors of 2-and 3-hyperedges.
We will denote the set {1, 2, . . . , i} by [i] for i ∈ N. Related questions were studied by Henk and Weismantel [5]: they proved that it is NP-complete to decide whether a given vector is in the minimal Hilbert basis of a given pointed cone, moreover in fixed dimension they gave an algorithm that enumerates the vectors of the minimal Hilbert basis of a given cone with polynomial delay. For a survey of the connection of Hilbert bases to combinatorial optimization see Sebő [7] .
Proof of Theorem 1
Proof For the sake of completeness we sketch the proof that the problem is in co-NP. Let S = {v 1 , v 2 , . . . , v m } be a set of integer vectors which is not a Hilbert basis and let F be the minimal face of cone(S). It can be seen that int.cone(S ∩ F) is equal to the lattice generated by S ∩ F. Thus if there exists an integer vector in F which can not be written as a non-negative integer combination of vectors in S, then the lattice generated by S ∩ F is a proper subset of F ∩Z n , for which there is a certificate, see [6] . If there does not exist such a vector then it can be seen that there is an integer vector z in the zonotope of the vectors in S (that is in the set {v : v = m i=1 λ i v i , 0 ≤ λ i < 1}) for which z / ∈ F, and z − v i / ∈ cone(S) for all v i ∈ S\F. In this case, z is a certificate.
